Symbol error rate calculation and data pre-distortion for 16-QAM transmission over nonlinear memoryless satellite channels by Alasady, H. (Hisham) et al.
WIRELESS COMMUNICATIONS AND MOBILE COMPUTING
Wirel. Commun. Mob. Comput. 2008; 8:137–153
Published online 5 October 2006 in Wiley InterScience
(www.interscience.wiley.com). DOI: 10.1002/wcm.450
Symbol error rate calculation and data pre-distortion
for 16-QAM transmission over nonlinear memoryless
satellite channels
Hisham Alasady, Mohamed Ibnkahla*,y and Quazi Rahmanz
Department of Electrical and Computer Engineering, Queen’s University, Kingston, Ontario K7L 3N6, Canada
SUMMARY
This paper presents a simpliﬁed mathematical approach to evaluate the performance of any given circular
constellation of 16-level quadrature amplitude modulation (16-QAM) in terms of symbol error rate (SER).
Following this approach, with the aim to work with memoryless nonlinear satellite channels, a model is derived as
a generalized form for both linear and nonlinear channels in the presence of down link additive white Gaussian
noise (AWGN). The analysis provides means to calculate the optimal ring ratio (RR) and phase difference (PD) for
several possible candidates of 16-QAM circular constellations. The effects of RR and PD on the SER performance
are investigated in the analysis. To overcome the nonlinear distortion, data pre-distortion is taken into account in
the study. The paper gives a general procedure for data pre-distortion implementation for all circular 16-QAM
constellations. The analytical formulation has been extended for total degradation (TD) performance measure as a
function of input back-off (IBO) of the nonlinear ampliﬁer. A SER performance-comparison between different
constellations for 16-QAM systems has also been presented in this paper. The analytical results are validated by
simulation. Copyright # 2006 John Wiley & Sons, Ltd.
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1. Introduction
The rapid evolution of global information technology
demands high data rate transmission via satellites in
the presence of available bandwidth, which in turn
requires spectrally efﬁcient modulation technique. In
this case, high level modulation techniques (such as
16-QAM) are the favorable candidates. 16-QAM
offers high power/spectral efﬁciency [1] and appears
to be a potentially attractive modulation scheme for
satellite communication [2,3].
Unlike terrestrial wireless systems, where power is
not a major concern, satellite systems are severely
payload power limited and need high power ampliﬁers
(HPA), such as, traveling wave tube (TWT), to operate
the on-board power ampliﬁers efﬁciently, that is,
close to their maximum power. As a result, these
HPAs introduce nonlinear distortions [4,5]. Since the
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16-QAM signals lack a constant envelope, they be-
come highly sensitive to these nonlinearities and these
results in a simple tractable symbol error rate (SER)
evaluation technique difﬁcult. This is the motivation
for our current study. The objective of this work is to
provide a tractable mathematical model for evaluating
SER of 16-QAM system with non-linear satellite
channel for different constellations.
Currently, 16-QAM technique is being used in the
forward link of the 3G (third generation) cellular data-
only system (IS856) and being widely investigated
(e.g., see References [6,7]) in satellite domains. In
Reference [8], the effect of nonlinear distortion on the
error performance of 16-QAM rectangular signaling
scheme, operating in a typical satellite channel, was
investigated by means of computer simulation. In
Reference [9], Craig provided a simple formulation
technique for evaluating the SER of two dimensional
signals in the linear additive white Gaussian noise
(AWGN) channel, which was applied and extended
later by many researchers for SER evaluation. In
Reference [10], to obtain the SER expression, the
author followed Craig’s method by assuming that the
receiver knows the saturation level of the nonlinear
ampliﬁer through which it can modify the decision
boundary. Dong et al. in References [11] and [12]
have extended Craig’s method for linear fading chan-
nels.
Even though Craig’s method provides a simpliﬁed
technique, it requires a clear knowledge about the
decision boundaries of the constellations. For non-
linear systems, this becomes a difﬁcult task, unless the
decision boundaries of the constellations at the HPA
output are assumed to be known. To overcome this
bottleneck, here, we propose a simpler approach
compared with Craig’s method. Instead of considering
the decision regions we take into account the distances
between the symbols for different constellations to
calculate the SER and its lower and upper bounds [1].
These distances are functions of the constellation
parameters (ring ratio (RR) & phase difference
(PD)) and the nonlinearity degree of the HPA. In
two-circle constellation the RR is the ratio between
the outer circle radius and the inner circle one, and the
PD is the angle between the ﬁrst outer circle symbol
and the nearest inner circle symbol. Our approach not
only eliminates the need to ﬁnd out the decision
regions for each constellation but also avoids any
cumbersome numerical integration as required by
all the previous analyses stated earlier. In addition to
that, this approach gives a degree of freedom to
calculate the SER at any HPA’s operating point.
In AWGN channel, with 16-QAM system, we
present the SER analysis for (8,8), (4,12), (5,11),
(6,10), and (4,8,4) circular. Among these, the (4,8,4)
constellation represents 16-rectangular constellation
in circular format. For each case, we present a
generalized form for the SER expression. The dis-
cussion on the nonlinear environment is also in-
cluded in the paper. Although any type of HPA will
ﬁt with the analysis, our discussion considers TWT
ampliﬁer due to its major application in the satellite
domain. These systems have also been studied with a
data pre-distorter. The pre-distorter calculates the
optimal RR and the optimal PD that need to be
used at the transmitter to overcome the nonlinear
effects of the HPA. We give a general methodology
to calculate the pre-distorted constellations’ para-
meters. Comparison among all the 16-QAM constel-
lations is also presented for nonlinear system with
data pre-distortion, and for nonlinear system without
data pre-distortion case. Total degradation (TD)
performance measure in terms of input back-off
(IBO) is also included in the analysis. The TD is a
performance ﬁgure which describes the difference
between the maximum average power of the HPA
and the output average power of a linear ampliﬁer
required to guarantee a predeﬁned SER. The IBO is
deﬁned as the ratio between maximum input power
and average input power of the HPA [13].
The remainder of this paper is organized as follows:
Section 2 brieﬂy discusses the system model that we
have used in our analysis. In Section 3, SER for
different 16-QAM circular constellations are derived.
Section 4 discusses the effect of nonlinearity on the
system’s performance, and gives a design procedure
for pre-distortion techniques used to improve the SER
performance in the presence of nonlinearity. TD per-
formance measure for different 16-QAM circular con-
stellations is also presented in this section. Section 5
presents Results and Discussions of the study ﬁndings.
Performance comparisons between different constella-
tions are also included in this section. Here the
analytical results are veriﬁed with computer simula-
tions. Conclusions are drawn in Section 6.
2. System Model
Figure 1 shows a block diagram of the nonlinear
communication system, which we have considered
in our analysis. In this ﬁgure, the data source is a
random data generator. This random data is fed into
the QAM modulator, which modulates different
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signal constellations with different values of RRs
and PDs.
HPAs are commonly used in mobile satellite com-
munication systems for high power application. When
operated near the maximum power region, these
ampliﬁers result in nonlinear distortions. These dis-
tortions are modeled in terms of amplitude to ampli-
tude (AM/AM), and amplitude to phase (AM/PM)
conversions. For illustration purposes and without loss
of generality, we will assume in this paper that the
HPA is modeled as [14]
PðrÞ ¼ pr
1þ pr2 ð1Þ
QðrÞ ¼ 
3
qr
2
1þ qr2 ð2Þ
where r is the ampliﬁer input signal amplitude.
Equations (1) and (2) represent the AM/AM and
AM/PM conversions respectively; and  and  are
constants. Figure 2(a,b) shows the normalized AM/
AM and AM/PM conversions, respectively, with
p ¼ 2, p ¼ 1, and q ¼ q ¼ 1. From these ﬁgures,
it is clear that as the operating point of the ampliﬁer
moves close to the saturation region, the output
becomes more distorted due to the nonlinearity.
In the system model we have considered a downlink
AWGN channel, which is represented by a random
Gaussian noise generator. The effect of uplink noise is
assumed to be negligible in this paper.
The detection process incorporates an optimum
detector (maximum likelihood sequence estimator
(MLSE) type) that takes the nonlinear effect into
account to get a minimum SER.
3. Symbol Error Rate for 16-ary
QAM Format
Although, Craig [9] provided a simple formulation
technique for evaluating the SER of two dimensional
signals in the linear AWGN channel, Craig’s method
calls for a clear knowledge of the decision boundaries
of all constellations. For nonlinear systems, this be-
comes a formidable task, unless the decision bound-
aries of the constellations at the HPA output are
assumed to be known. These decision boundaries
need to be known whenever HPA’s operating point
is changed. Moreover, Craig’s method needs numer-
ical integration to ﬁnd out the average SER. To over-
come these shortfalls, we propose a simpliﬁed
approach to evaluate the SER, which does not need
either the numerical integration or the knowledge of
the decision regions. We discuss this simpliﬁed meth-
odology for ﬁnding out the SERs of different 16-QAM
circular constellations.
In this paper we consider the (8,8), (4,12), (5,11),
and (6,10) constellations as well as the 16-rectangular
constellation with circular format (4,8,4). Here, after
presenting the structures of each constellation we
discuss the analytical technique used to derive the
SER expression. The analysis, which is dependent on
Fig. 1. Nonlinear communication system.
Fig. 2. (a) AM/AM conversion and (b) AM/PM conversion.
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the geometry of the different constellations, provides
optimal RRs and PDs for different constellations.
3.1. (8,8) Constellation Format
3.1.1. The structure
One of the most popular 16-QAM constellations,
shown in Figure 3, is the circular (8,8) constellation.
It is constructed by two concentric circles, each of
which has eight symbols. In its structure the distances
between any two neighboring symbols in each circle
are kept equal. The ratio between the outer circle
radius (R) and the inner circle one (r) is deﬁned as a
RR (), that is
 ¼ R
r
ð3Þ
The angle , between the ﬁrst outer circle symbol and
the nearest inner circle symbol is deﬁned as a phase
difference.
3.1.2. Symbol error rate: the analysis
The analytical technique presented in this section is
dependent on the geometry of the constellation dia-
gram. Here, as a result of symmetry of the symbol
orientations on both circles, we can arbitrarily choose
any two symbols, one from each circle, for presenting
the analysis. In this case, we choose symbols A1 and
B1 and deﬁne
dA1Ai ¼ distance between symbols A1 and Ai (i 6¼ 1), in
the outer circle;
dAiBi ¼ distance between any two closest inner and
outer circle symbols
dA1Bi ¼ distance between the outer circle symbol A1
and any other inner circle symbol Bi
dB1A10i ¼ distance between the inner circle symbol B1
and any other outer circle symbol A10 i (i 6¼ 1)
dB1Bi ¼ distance between symbols B1 and Bi (i 6¼ 1), in
the inner circle.
With the aid of Figure 3, all the above distances can be
equated as (see Appendix A for detail derivation)
d2A1Ai ¼ 4Es2 sin2
i 1ð Þ
8
 
; i ¼ 2; 3; . . . ; 8 ð4Þ
d2AiBi ¼ Es1 1þ 2  2cos ð Þ
 
; i ¼ 1; 2; . . . ; 8
ð5Þ
d2A1Bi ¼ Es1 1þ 2  2cos þ
i 1ð Þ
4
  
;
i ¼ 1; 2; 3; . . . ; 8 ð6Þ
dB1A10i ¼ dA1Bi ; i ¼ 2; 3; . . . ; 8 ð7Þ
d2B1Bi ¼ 4Es1 sin2
i 1ð Þ
8
 
; i ¼ 2; 3; . . . ; 8 ð8Þ
where,  and  are already deﬁned previously, and Es1
and Es2 are the energies of the inner and outer circle
symbols respectively, which are deﬁned as
Es1 ¼ r2 ð9aÞ
Es2 ¼ R2: ð9bÞ
Now, if we transmit any arbitrary symbol from the
transmitter end in the presence of AWGN of one sided
Nyquist power spectral density (PSD) N0, the lower
bound of the SER could be given as
SERð8;8ÞLower  Q
ﬃﬃﬃﬃﬃﬃﬃﬃ
d2min
2N0
s0
@
1
A ð10Þ
where, dmin represents the minimum distance among
all the distances calculated in Equations (4–8). FromFig. 3. Circular (8,8) constellation.
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the expressions of the distance parameters, it is clear
that dmin is either a function of RR, PD, and symbol
energy or a function of symbol energy only. It is
worthwhile to mention that the symbol energy itself is
a function of RR, .
We can also express the upper bound for the SER in
terms of dmin, which will be given as
SERð8;8ÞUpper  15Q
ﬃﬃﬃﬃﬃﬃﬃﬃ
d2min
2No
s0
@
1
A ð11Þ
where the factor 15 represents the number of neigh-
boring symbols around the transmitted one.
For calculating the best approximated SER for the
transmitted symbol in the presence of AWGN, we can
carry out the following procedure. First, assuming that
one of the outer circle symbols (e.g., A1) is transmitted,
we calculate the corresponding SER. Then assuming
that one of the inner circle symbols (e.g., B1) is
transmitted, we calculate the corresponding SER. Fi-
nally we average the above SER expressions over the
probability density function (PDF) of the symbols.
Assuming all the symbols are equally, likely, we get
the PDF of any symbol either in the outer or inner circle
is equal to 8/16¼ 0.5 (i.e., P(A1)¼P(B1)¼ 0.5). As a
result, the best approximated SER expression becomes
SER 8;8ð Þ 
X8
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Bi
2N0
s0
@
1
Aþ 1
2
X8
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Ai
2N0
s0
@
1
A
þ 1
2
X8
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Bi
2N0
s0
@
1
A ð12Þ
Equation (12) provides generalized SER expressions
for circular (8,8) constellation, which is equally ap-
plicable for both linear and nonlinear environments.
The expression can easily be evaluated just by calcu-
lating the constellation’s distances. The important
thing here is that these distances are function of the
constellation geometry, which is function of the HPA’s
operating point. This gives the ability to calculate the
SER at any degree of nonlinearity.
3.2. (4,12) Constellation Format
3.2.1. The structure
Figure 4 shows the circular (4,12) constellation whose
structure is same as that of (8,8) constellation, with the
only exception that in this case, the inner and outer
circles are having 4 and 12 symbols, respectively. As
before, the RR () and PD () hold the same deﬁnitions.
3.2.2. Symbol error rate: the analysis
Again, as a result of symmetry of the symbol orienta-
tions on both circles, we can arbitrarily choose any
two symbols, one from each circle, for presenting the
analysis. In this case, choosing symbols A1 and B1 as
before, we deﬁne dA1B1 and dB1Ai as the distance
between symbols A1 and B1, and between the inner
circle symbol B1 and any other outer circle symbol Ai,
respectively. Besides, we use the same deﬁnitions for
dA1Ai , dA1Bi , and dB1Bi as stated in section 3.1.2.
Here, from the geometry of Figure 4 and using the
procedure described in Appendix A, all the above
distances can be equated as
d2A1B1 ¼ Es1 1þ 2  2cos ð Þ
  ð13Þ
d2
B1Ai
¼ Es1 1þ 2  2cos þ
i 1ð Þ
6
  
;
i ¼ 1; 2; 3; . . . ; 12 ð14Þ
d2A1Ai ¼ 4Es2 sin2
i 1ð Þ
12
 
; i ¼ 2; 3; . . . ; 12
ð15Þ
Fig. 4. (4,12) circular constellation.
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d2A1Bi ¼ Es1 1þ 2  2cos þ
i 1ð Þ
2
  
;
i ¼ 1; 2; 3; 4 ð16Þ
d2B1Bi ¼ 4Es1 sin2
i 1ð Þ
4
 
; i ¼ 2; 3; 4 ð17Þ
where, Es1 , Es2 , , and  hold the same deﬁnitions as
before. In this case, in transmitting an arbitrary
symbol from the transmitter end in the presence of
AWGN of one sided PSD N0, the best approximated
SER would be
SER 4;12ð Þ 
3
4
X4
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Bi
2N0
s0
@
1
Aþ 3
4
X12
1¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Ai
2N0
s0
@
1
A
þ 1
4
X4
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Bi
2N0
s0
@
1
Aþ 1
4
X12
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Ai
2N0
s0
@
1
A
ð18Þ
where, the factors 3/4 and 1/4 come from the fact that,
P(A1)¼ 3/4 and P(B1)¼ 1/4 with equally likely sym-
bols. Equation (18) provides a generalized SER ex-
pression for circular (4,12) constellation.
3.3. (5,11) Constellation Format
In (5,11) circular constellation format, as shown in
Figure 5, the inner and outer circles accommodate 5
and 11 symbols, respectively. From the geometry of
this circular constellation, by following similar ap-
proach as stated in the two previous sections, we can
ﬁnd out the best approximated SER expression in
transmitting an arbitrary symbol from the transmitter
end in the presence of same previous channel envir-
onment.
This expression is given by
SER 5;11ð Þ 
11
16
X5
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Bi
2N0
s0
@
1
Aþ 11
16
X11
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Ai
2N0
s0
@
1
A
þ 5
16
X5
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Bi
2N0
s0
@
1
Aþ 5
16
X11
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Ai
2N0
s0
@
1
A
ð19Þ
The required distances can be calculated using the
procedure deﬁned in Appendix A.
3.4. (6,10) Constellation Format
In this circular constellation format (Figure 6), the
inner and outer circles contain 6 and 10 symbols,
respectively.
Here, for transmitting an arbitrary symbol from the
transmitter end with the same channel scenario as
before, the best approximated SER expression becomes
SER 6;10ð Þ  10
16
X6
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Bi
2N0
s0
@
1
Aþ 10
16
X10
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Ai
2N0
s0
@
1
A
þ 6
16
X6
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Bi
2N0
s0
@
1
Aþ 6
16
X10
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Ai
2N0
s0
@
1
A
ð20Þ
Fig. 5. (5,11) circular constellation. Fig. 6. (6,10) circular constellation.
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Again the required distances can be calculated using
the procedure deﬁned in Appendix A.
3.5. 16-Rectangular Constellations
with Circular Format
3.5.1. The structure
16-QAM rectangular constellation can be represented
by a circular format with three concentric circles as
shown in Figure 7. In this case, the ﬁrst, second, and
the third circles hold 4, 8, and 4 symbols, respectively.
Due to the presence of three circles, here we need to
deﬁne two RRs 1 and 2 as
1 ¼ R
r1
ð21aÞ
2 ¼ R
r2
ð21bÞ
where, r1, r2, and R are the inner, middle, and outer
circle radii, respectively. Here we also deﬁne 1 and 2
as the PDs between the ﬁrst outer-circle symbol and
the nearest center-circle symbol, and between the ﬁrst
center-circle symbol and the nearest inner-circle sym-
bol, respectively. From the geometry, it is clear that
1¼ 2¼ angle between symbols C1 and B2.
3.5.2. Symbol error rate: the analysis
As before, depending on the geometry of the con-
stellation diagram, the analytical technique will be
presented in this section. As a result of symmetry of
the symbol orientations on all circles, we can arbi-
trarily choose any three symbols, one from each
circle, for presenting the analysis. In this case, we
choose symbols A1, B1, and C1, and deﬁne,
dA1Ai ¼ distance between symbols A1 and Ai (i 6¼ 1), in
the outer circle;
dA1Bi ¼ distance between the outer circle symbol A1
and any other center-circle symbol Bi;
dA1Ci ¼ distance between the outer circle symbol A1
and any other inner-circle symbol Ci;
dC1Ci ¼ distance between symbols C1 and Ci (i 6¼ 1),
in the inner circle;
dC1Bi ¼ distance between the inner circle symbol C1
and any other center-circle symbol Bi;
dB1Bieven ¼ distance between the center-circle symbol
B1 and any even numbered center-circle symbol;
dB1Biodd ¼ distance between the center-circle symbol
B1 and any odd numbered center-circle symbol.
In this case, in transmitting an arbitrary symbol
from the transmitter-end in the presence of AWGN of
one sided PSD N0 the best approximated SER can be
evaluated as
SER 16Recð Þ 
1
4
X4
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Ai
2N0
s0
@
1
Aþ 1
4
X8
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Bi
2N0
s0
@
1
A
þ 1
4
X4
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2A1Ci
2N0
s0
@
1
Aþ 1
4
X4
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2C1Ci
2N0
s0
@
1
A
þ 1
4
X8
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2C1Bi
2N0
s0
@
1
Aþ 1
4
X4
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2C1Ai
2N0
s0
@
1
A
þ 1
2
X8
i¼2
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Bieven
2N0
s0
@
1
AþQ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Biodd
2N0
s0
@
1
A
2
4
3
5
þ 1
2
X4
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Ci
2N0
s0
@
1
Aþ 1
2
X4
i¼1
Q
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
d2B1Ai
2N0
s0
@
1
A
ð22Þ
where, the 7th term on the right hand side of Equa-
tion (22) works as follows: when i is even, dB1Biodd ¼ 0,
and when i is odd, dB1Bieven ¼ 0. Equation (22) provides
the general form for the best approximated SER expres-
sions, which can be equally applicable for both linear
and nonlinear channels. All the required distances can be
calculated using the procedure deﬁned in Appendix A.Fig. 7. (4,8,4) circular format for 16-rectangualar constellation.
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4. Nonlinearity Effect and Data
Pre-distortion Technique
Due to the presence of the HPA in the communication
link, the distances between the signal constellation
points will be distorted according to the model and the
back-off values of the HPA. The back-off of a HPA
represents the backing off its operating point away
from the saturation region; which, in turn, results
reduced nonlinear distortion with the expense of
power efﬁciency of the ampliﬁer. The back-off could
be input or output type. The IBO of an HPA is deﬁned
(in dB scale) as the ratio between its input saturation
power and the average input signal power while the
output back-off (OBO) is deﬁned in the same way in
terms of output powers. As an example, we can refer
to Figure 8(Aa, Ab), where an (8,8) circular constella-
tion at the input and output of the TWT, respectively,
are shown in the presence of minimum back off (i.e.,
the amplitudes of outer circle symbols are on the
saturation point of the HPA). This nonlinear distortion
becomes more effective for 16 rectangular QAM
constellation with (4,8,4) circular format as shown
in Figure 8(Ba, Bb). This comes from the fact that
16 rectangular constellation has three amplitudes
while other circular constellations have two ampli-
tudes. The resulting distortion due to these HPAs
affects the SER performance. One way to overcome
this problem is to use a data pre-distortion technique,
where the transmitted data is pre-distorted in such a
way that the output of the HPA provides the optimum
constellation with respect to SER performance. Figure
9 shows the block diagram of the nonlinear satellite
communication system with data pre-distortion. Here
we are considering the effects of down link noise only.
The effect of up link noise is less and can be overcome
by the base station’s HPA. In this system the data pre-
distorter distorts the out going data in such a way that
the satellite-nonlinear-HPA keeps the original con-
stellation intact.
There are several techniques (e.g., see References
[2,15–17]) available in the research and applications,
Fig. 8. (a) at the input of TWT, (b) and at the output of TWT.
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domains which can be used to achieve data pre-
distortion. Basically, two different methods can be
used for data pre-distortion: the direct calculation
method and the search exhausted method.
When using the direct calculation method for a
circular constellation with two circles, we ﬁrst calcu-
late the RR 0 and PD 0 at the output of a linear
channel. Now for the HPA we calculate the radius R0
of the outer circle from the operating point of the
HPA. This operating point is set according to the back-
off value of the HPA. With the aid of 0 and R0 we then
ﬁnd the value of the radius of the inner circle r0 for the
nonlinear case. Subsequently, by using the model of
the ampliﬁer the pre-distorted inner circle radius can be
found. Here the AM/AM model is given by
AðrÞ ¼ 2r
1þ r2 : ð23Þ
With AðrÞ ¼ r0 and r¼ rp, the pre-distorted inner
circle radius would be
rp ¼ 1
r0

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
r02
 1
r
; ð24Þ
while the pre-distorted RR p would be
p ¼ R
rp
: ð25Þ
The pre-distorted PD p, can be equated as
p ¼ P R0ð Þ  0  P rp
 	 
: ð26Þ
In Equation (26), the TWT AM/PM model, given
by
PðrÞ ¼ 
3
r2
1þ r2 ; ð27Þ
is used for calculating the phases P(R0) and P(rp) for
outer and inner circles, respectively.
For the three-circle circular constellation, the same
two methods can be applied. In this case for the direct
calculated method, we ﬁrst calculate the RR 01
and PD 01 between the outer and center circles at
the output of a linear channel, and then we follow the
same procedure for the two-circle case. Later we
calculate the RR 02 and PD 
0
2 between the center
and inner circles at the output of the same linear
channel and then repeat the two-circle procedure.
The search exhausted method does not need any
calculations. Simply an exhausted search is made by
changing the transmitted constellation’s parameters
(RR and PD) till we ﬁnd the (exact) original con-
stellation at the HPA’s output. Although this method
does not require any pre-calculations, it is a time
consuming method because of the huge number of
the required simulations. In this paper we use the
direct calculation method.
4.1. Total Degradation (TD)
Total degradation is a performance ﬁgure in the non-
linear environment, which describes the difference
between the maximum power of the HPA and the
output power of a linear ampliﬁer required to assure a
predeﬁned SER. TD of a system, which can be either a
function of IBO or OBO of the HPA, is dependent on
Fig. 9. Nonlinear satellite communication system with data pre-distortion.
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the operating point of the HPA. In terms of IBO, TD is
deﬁned as
TD dBð Þ ¼ IBO dBð Þ þ SNRNL dBð Þ  SNRL dBð Þ
ð28Þ
where, SNRNL is the required average signal-to-noise
ratio when the nonlinear HPA is used to get the
targeted SER. The SNRL is the required SNR for the
linear case to the targeted SER. Usually SNRNL is
larger than SNRL.
For multilevel signals, the operating point of the
HPA cannot be chosen in a way so that the average
signal power is at the saturation point; because in this
case the high level symbols will pass beyond satura-
tion. For this reason, while working with multilevel
signals we need to know a minimum IBO (IBOmin)
that will guarantee the highest level of the signal is at
the saturation point of the ampliﬁer. The value of
IBOmin is dependent on the number of symbols in
each level of a multilevel signal constellation. For
each constellation the IBOmin can be calculated as the
dB ratio between the average power of the symbols
and the maximum symbol power in that constellation.
The plot for TD performance, with different con-
stellations as a function of IBO, gives a set of convex
curves, from which, the minimum IBO and the corre-
sponding TD can be calculated for each constellation.
The optimum IBO (which corresponds to the mini-
mal TD) can be found by plotting the TD curves as a
function of different IBOs, taking into account the
optimum RRs and PDs.
5. Results and Discussions
In this section we will present some analytical results
based on the ﬁndings in the previous subsections,
taking into account the HPA as part of the system.
Some supporting simulation results are also presented
here. Moreover, this section provides a performance
comparison between different 16-QAM circular con-
stellations presented in the above subsections.
Figure 10 shows the effect of various RRs on the
SER performance on the circular (8,8) QAM constel-
lation in the presence of the TWT and a predicted
optimum PD of 22.5. With this value, any inner circle
symbol positions itself at an equidistant length from
its two neighboring outer circle symbols by providing
the best possible structure for detecting any one of the
symbols. In the ﬁgure, the effects of the RR are
observed for different SNRs in dB. From the ﬁgure
it is found that the SER performance continues to
improve with continuous increase in the RR up to its
optimal value, while an increase in the RR beyond its
optimal value results in worse SER performance.
There is an explanation behind this particular obser-
vation. In the beginning (RR¼ 1) all the constellation
points lie on the same circle by providing a very small
decision region for detection. With the assumption
that the maximum amplitude of the symbols is nor-
malized to 1 as the RR is increased, the decision
region becomes wider for detection with a decrease in
the radius of the inner circle. As a result, the perfor-
mance keeps improving until the RR reaches its
optimum value. After the optimal RR is reached, the
constellation points in the inner circle become so
crowded that the decision region in this circle be-
comes very small for detection purposes. As a result,
the system performance starts to deteriorate. The
optimal RR is found to be almost invariant with the
average SNR as shown in the plots. The plots show
that the SER performance is asymmetrical with re-
spect to the optimal RR. This results in a large
degradation for a small deviation in the RR from its
optimal value. To check the accuracy of the analytical
results, Figure 11 compares the analytical results with
respect to computer simulations for the (8,8) constel-
lation with average SNR of 20 dB. It is clear that the
simulation-results closely agree with the analytical
results.
Figure 12 presents the effect of various PDs on the
SER performance for the circular (8,8) QAM con-
stellation. Here, the effects of PDs are observed at
different SNRs in dB while the optimal RR is 1.645.
Fig. 10. Effect of RR on the SER performance of circular
(8,8) constellations.
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The optimal PD is shown to be 22.5 which is obvious
since the optimal RR, based on which the PDs are
plotted, was achieved by predicting the above value.
In this case, it is found that if we vary the optimal RR
to some extent, the optimal PD does not vary, which
proves the validity of its value. In the ﬁgure, this
optimal PD is shown to be independent of the SNRs.
The ﬁgure also shows that the SER performance is
symmetrical with respect to the optimal PD. Figure 13
shows the analytical results versus simulation results,
of SER performance versus PD for (8,8) constellation.
Table I presents the optimal RRs and optimal PDs
for different 16-QAM circular constellations. Due to
the presence of three circles for the 16-rectangular
constellation with a circular format, we ﬁnd two
optimal RRs and PDs for this case.
In Figure 14 we consider circular (8,8) QAM
constellations with pre-distorted data sequences. We
pre-distort the transmitted data in such a way that the
HPA output gives the optimal RR and optimal PD.
Here, the communication system model, shown in
Figure 9, is used for the purpose of this simulation.
The simulation results presented in this scenario are
based on the Monte-Carlo simulation. In the transmit-
ter, the information data bits are generated using
random data sources. At the receiver, the detected
symbols are compared with the original transmitted
data on a symbol-by-symbol basis. Figure 14 shows
that the simulation results are in congruence with
theoretical results.
The calculation of data pre-distortion parameters is
based on knowing the HPA’s model. If there is an error
in modeling the HPA [16], then this error will affect
the SER performance. Figure 15 shows the modeling
error on the SER performance. The results show that
Fig. 11. Analytical and simulation results comparison: SER
versus RR of (8,8) constellations.
Fig. 12. Effect of PD on the SER performance of circular
(8,8) constellations.
Fig. 13. Analytical and simulation results comparison: SER
versus PD of (8,8) constellations.
Table I. Optimal RRs and PDs at the TWT output.
16-QAM circular Optimal Optimal phase
constellations ring ratio difference
(8,8) 1.645 22.5
(4,12) 2.732 45
(5,11) 2.17 46
(6,10) 2.03 21
16-REC (4,8,4) 3 & 1.34126 26.565 For Both
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with in 5% error the SER has little deviation, and as
the modeling error increases the SER performance
become more affected.
Figure 16 compares our rectangular 16-QAM con-
stellation best-approximated SER results with the
exact [1], Craig [9] and approximate [18] counter-
parts. It is shown that at the reasonable SERs of
interest (less than 101) our results are congruent
with the existing exact’ and Craig’s results. The
main contribution here is that we do not need numer-
ical integrations to compute the SER, which is un-
avoidable in Craig’s method.
For data pre-distortion, Table II presents the opti-
mal RRs and PDs at the pre-distorter output, for
different constellations. These optimal values were
obtained using the results of Section 4. Figure 17(a–c)
illustrates the concept of data pre-distortion for (8,8),
(4,8,4), and (5,11) circular constellations, respec-
tively. From these ﬁgures we can see that the data
pre-distortion of rectangular 16-QAM, (4,8,4), is
more complicated than other constellations.
In Figure 18 we present the SER performance as a
function of the SNR for different circular 16-QAM
constellations with their individual optimal RRs and
PDs. The results are presented for both pre-distortion
and non-predistortion techniques. The ﬁgure also
includes the SER performance curve for a 16-PSK
system for comparison purpose. The ﬁgure shows that
without pre-distortion, the circular (4,12) 16-QAM
constellation performs the best in terms of SER for a
nonlinear channel. However, the application of a pre-
distorter results in the best performance for the cir-
cular (5,11) 16-QAM constellation. From the ﬁgure it
is clear that the application of a pre-distorter in a
nonlinear system improves the system performance.
Fig. 14. Theoretical and simulation results of SER perfor-
mance for the (8,8) circular constellation.
Fig 15. Effect of modeling error on SER performance for
(8,8) circular constellation.
Fig. 16. 16-Rectangular SER performances’ comparison in
the AWGN channel.
Table II. Optimal RRs and PDs at the pre-distorter output.
16-QAM circular Optimal Optimal phase
constellations ring ratio difference
(8,8) 2.9512 46.3205
(4,12) 5.27426 72.918
(5,11) 4.0958 72.3256
(6,10) 3.732 46.98
16REC (4,8,4) 5.82842 & 2.23607 54.84927 & 46.5651
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It is worth noting that with the use of a pre-
distortion technique the rectangular 16-QAM constel-
lation gives a nearly identical performance to that of
the circular (5,11) constellation. However, the pre-
distortion requirements for the circular (5,11) con-
stellation have a lower complexity compared to
those required for the rectangular 16-QAM constella-
tion. Therefore, it can be concluded that among
different 16-QAM constellations, the circular (5,11)
constellation is of practical interest for a nonlinear
channel in the presence of a data pre-distorter.
In Figure 19 we present the TD performance with a
predeﬁned SER of 104, as a function of different
IBOs for different circular 16-QAM constellations
(the optimal RRs and PDs have been used, and no
data pre-distortion is considered here). This ﬁgure
provides the optimal IBO and the corresponding
optimal TD for each constellation. The ﬁgure also
Fig. 17. Illustration of data predistortion: constellation at the predistorter output (left) & constellation at the ampliﬁer
output (right).
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displays the TD performance of a linear constant
modulation scheme (16-PSK) for comparison. It is
observed that for two-circle circular constellations,
the TD is higher for the constellations having more
symbols in the inner circle. Table III summarizes the
minimum IBO, optimum IBO, and optimum TD
values.
Finally Figure 20 presents the SER performance as
a function of SNR for different circular 16-QAM
constellations with their individual optimal RRs and
PDs when the HPA is forced to work with optimal
IBO for each constellation. SER performances of all
constellations with data pre-distortion are also dis-
played, which show their superiority over the non-
predistortion technique with optimal IBO.
6. Conclusions
This paper presents a simple and efﬁcient method to
calculate the SER of any 16-QAM circular constella-
tion over a memoryless satellite channel. This method
provides a way to ﬁnd the optimal RRs and the
optimal PDs for all the addressed QAM constella-
tions. A data pre-distortion technique is introduced
into the system to overcome the nonlinear distortions
that result from the TWT ampliﬁer. The results show
that the RR has more inﬂuence than the PD on the
variation of the SER performance. Data pre-distortion
is a key element in improving system performance in
nonlinear environment, with the expense of complex-
ity. Computer simulations support the theoretical
results. The analytical results provide comparisons
between different SER performances for different
constellations, which help in ﬁnding the right QAM
constellation for the right system.
Fig. 18. Different 16-QAM circular constellations with and
without a pre-distortion technique.
Fig. 19. TD performance for different 16-QAM circular
constellations.
Table III. Minimum IBO, optimum IBO, and optimum TD for
different 16-QAM constellations.
Constellations! (8, 8) (6, 10) (5, 11) (4, 12) Rec.16-
QAM
IBOmin (dB) 1.8017 1.4508 1.2270 1.0596 2.5527
IBOopt (dB) 5.400 4.6509 3.4271 1.4596 2.5527
TDopt (dB) 8.9345 7.6949 6.6282 3.0980 7.2181
Fig. 20. Different 16-QAM circular constellations with and
without the use of a pre-distortion technique at their opti-
mum IBO in the presence of a TWT.
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Appendix A: Distance Calculations
for circular (8,8) Constellation
Let A1 and B1 be a reference signals in Figure A1, then
A1 tð Þ ¼ Rcos !ctð Þ;Ai tð Þ ¼ Rcos !ct þ A1Aið Þ
where A1Ai ¼ i 1ð Þ
2
8
; i ¼ 2; 3; . . . ; 8
B1 tð Þ ¼ rcos !ctð Þ and Bi tð Þ ¼ rcos !ct þ B1Bið Þ
Now
d2A1Ai ¼
ZT
0
A1 tð Þ  Ai tð Þ½ 2d tð Þ ¼ EA1 þ EAi21i;
i ¼ 2; 3; . . . ; 8
Where
EA1 ¼ EAi ¼
ZT
0
Rcos !ct þ A1Aið Þ½ 2d tð Þ
¼ R2 ¼ Es1 for normalized T ¼ 2
1i ¼
ZT
0
A1 tð ÞAi tð Þd tð Þ ¼ Es1 cos A1Aið Þ
therefore
d2A1Ai ¼ 2Es1 1 cos A1Aið Þ½  ¼ 4Es2 sin2
i 1ð Þ
8
 
;
i ¼ 2; 3; . . . ; 8
in the same way we can ﬁnd
d2B1Bi ¼ 4Es1 sin2
i 1ð Þ
8
 
; i ¼ 2; 3; . . . ; 8
d2A1B1 ¼
ZT
0
A1 tð Þ  B1 tð Þ½ 2d tð Þ ¼ R2 þ r2  2rRcos ð Þ
¼ Es1 1þ 2  2cos ð Þ
 
or generally
d2A1Bi ¼ Es1 1þ 2  2cos þ
i 1ð Þ
4

  
;
i ¼ 1; 2; 3; . . . ; 8
and
d2AiBi ¼ Es1 1þ 2  2cos ð Þ
 
; i ¼ 1; 2; 3; . . . ; 8
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